ASYMPTOTIC BEHAVIOUR OF A SEMILINEAR ELLIPTIC 
SYSTEM WITH A LARGE EXPONENT 
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Abstract. Consider the problem 

— Au = v«^z, v>0 in Q, 
-Av = u p , u > in ft, 
u = v = on Oft, 

Ph ', where f2 is a bounded convex domain in M. N , N > 2, with smooth boundary 9f2. 

We study the asymptotic behaviour of the least energy solutions of this system as 



•3 

C3 



p — > oo. We show that the solution remain bounded for p large and have one or two 
peaks away form the boundary. When one peak occurs we characterize its location. 



1. Introduction 

In this article we consider the problem 

( -A(-AuY N - 2 ^ 2 =u p , «>fl in 11, 
IT) , S o ( L1 ) 

O . I u = = on afi, 

where Q is a bounded convex domain in M. N , N > 2, with smooth boundary 9^2. We 
^ ' consider the so-called least energy solutions of obtained by the minimization 

problem 

s 

> 
X 



t)6W" ! 'T(!))nw () ' T (a) 



inf (/ |A V r/ 2 dx) 2 ^: \\v\\ p+1 = l 



S2 



By standard argument c p is achieved by a positive function u p , which is a positive 
scalar multiple of a function solving (jl.lj) . Let us denote such least energy solution 
by u p . 

Problem is the particular case q = 2/(N — 2) for the system 

-Au = v q , v > in fi, 

-Av = u p , u > in f2, 

u = v — on <9f2, 

For this system the condition on (p, g), given by 

N N , . 

I --(iV-2) = 0, (1.2) 



p+l q + 1 



-KTey words and phrases. Semilinear elliptic system, asymptotic behaviour, peaks. 
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2 LA. GUERRA, 

so called critical hyperbola, describes a the borderline between existence and non- 
existence of positive solutions. In this article, we fix q = 2/(N — 2), that is we stand 
in an asymptote, and we prove that as we increase p the least energy solution develops 
a peak behavior. The case N = 4 these type of results were shown in l^j and 
in the case N = 2, the problem reduces to one equation, and we observe a similar 
behaviour, see O EH . 

More precisely, our aim is to prove the following results. 

Theorem 1.1. Let u p the least energy solution of (jl-H) There exists G\,Gi indepen- 
dent of p such that 

< C x < ||w p ||x°°(n) <C 2 < +oo 

for p large enough. 

For the next result we define 

u p 

w p '■= nr 

(/ uf,dx) N - 2 

Q 

For a sequence w Pn of w p , we define the blow up set S of {w Pn , } as 

S :={x G Q: 3 a subsequence w Pn , 

3{x n } C f2 such that x n — > x and w Pn (x n ) — > oo }. 

We define a peak point P for u p to be a point in f2 such that w p does not vanish in the 
L°° norm in any neighborhood of P as p — ► oo. We shall see later that peaks point of 
{u p } are contained in the blow up set S of {w p } 

Theorem 1.2. Let Q a convex bounded domain in M. N , N > 3, with smooth boundary 
dQ. Then for any sequence w Pn of w p , with p n — ► oo there exists a sequence still 
denoted by w Pn such that the blow up set S of this subsequence is contained in Q and 
has the property 1 < card(S) < 2. 
// card(S) = 1 and S = {x } then: 

1) 

u Pn r i 

f n : = p " = ( / u p- dx)—^-^" -> 5 X0 . 

n n 
m the sense of distributions. 

w p n ~> G(-,x ) in Cf oc (Q \ {x }) where G(x,y) solves 

-AG(x,-) = Gt£s(x,-) in SI, G(x,-) = on dQ, 

where —AG(-,y) = 5 y in Q, G(-,y) = on dfl. 

3) xq is a critical point of <p(x) := g(x,x) where the function g(x,y) is given by 

g(x,y) = G(x,y) H — — —\og\x-y\, 

where uo^-i the area of the unit sphere S N ~ X in Mr. 
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We observe that regularity of is needed to compute its critical points in 3). 
Indeed, by definition of G, we have 

lim \x - yr N A~g(x, y) = 9M (1.3) 

for x G Q, where g(x,y) is the regular part of G(x,y), i.e 

1 



g(x,y) = G(x,y) 



(N-2)oj N - 1 \x-y\ N -2- 

By elliptic regularity, for N > 3, the function g(x, •) is regular and so is <fi. 

Remark 1.3. We conjecture that for N = 3 the conclusions in Theorem \l. b A also 
hold. The only difficulty is to prove Lemma for N = 3, but we think that is only 
technical. 

2. Estimates for c p 
Lemma 2.1. For every t > N/2, there is D t such that 

JV-2 

\\u\\t < D t t n \\Au\\ N /2 

where 

.N-2.N-2 

hm D t = ( — ) if 

t->oo Nebo 

with b = ^[An^ 2 /V((N - 2)/2)]^ = N(N - 2)t&w]£ s v 

Proof. From PQ, we have the following Higher-Order version of the Moser-Trudinger 
inequality, 

cxp (b \u\ N ^ N -V)dx < c\n\ 



n 

for any u such that ||Au||jv/2 — 1- Therefore 

1 f U N t(N-2) 

:?til r fc r (B tl| j^»'-' - dx ^ 

t(N-2) 

xb N ||A«||* (2.2) 



IJV/2 

f UN _£(iV-2) 

~ J eMb ^ \\Au\\ N/2 ) ~ )dXXb ° W Au Ww (2-3) 



hence 

IMIz* ( n) < T(t(N - 2)/N + ifl'C'H- ^-^ini^HArill^/^o) 
We conclude using the Stirling's formula, 

MN-2) sUf ,N-2,n-2 n-2 



□ 
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Lemma 2.2. 



Nb$e n-2 

N 



lim c p p n -_ 

p^oo iV — Z 



(2.4) 



Proof. Let L such that £?£ C f2, and I G (0,L) to be fixed later. Let mi(x) = 
H{{\ogL/l)~ 1 log l/|x|), a regularized version of a Moser's function, where H is such 
that for e G (0, 1/2) 

'e$(t/e) 0<t<e 
t, e < t < 1 - e 

l-e$((l-t)/e) l-e<t<l, 
1 1 < t 



Hit) = { 



with $ G C°°[0, 1], $(0) = $'(0) = $(1) = $'(1) = 1. Clearly G Wl' N,2 {9) and 
mi(x) = 1 for | a; | G /. A calculation gives 



\Ami(x) 



LUn-1 



■ J ff'((logL//)- 1 logl/|x|)(logL//)- 1 |x|- 2 + 0(logL//)" 2 |x 



2|„|-2> 



AT — 2 

where a = (u N _ib /N)^~ . Thus 



y |Am^| 7V/2 rfx = Mf := t^r-W (logl/r) 1 ^ A, 



where A < 1 + Ce, see JT] for details. We define ipi — rni/M and find 



p+i 



p+i 



JV-2 . 2 



Take / = Lexp(-(iV-2)(j»+l)/iV 2 ) and recall that M" 1 = (cu^ilogL//) — A 



o > 



we find 



JV-2 
JV 



, r>^1 , x 1 ^ N 1 / N — 2 . JV-2 . . JV-2 , 2 , 1 _ AT __ 

</>f +1 cb)^ > (p+ 1) — ^(-L^v-O^e 



1 J V-2 
JV 



Then 



. . JV-2 — N ~ 2 . iV — 2. JV-2 .2,1 at . 1 JV-2 

c p (p + l)— < a ^4 (_^-)-— ^(-L^^O-^e— (2.5) 



JV=2 jVe . JV-2, 2 , 1 « , L_ 



(2.6) 



Letting p — > oo and e — > 0, we obtain the result by combining this with Lemma 

o □ 



Corollary 2.3. We have 



^ J \Au p \ N / 2 dx 



, Nb e 
■N-2 



JV-2 JV-2 
2 , p 2 



- < JV^ 
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Proof of Theorem M . 11 Let Ajy be given by the minimization problem 

{||Aw|| n N 
„ „ Lir(Q) | u e W 2 '^(Q) n W ' T (fi) 
\\u\\ v 

From Lemma \2.1\ we find < Ajy < oo. Using this, 

J u p p +1 dx = J | Aw p |t dx > A N N 12 J u N p ' 2 dx. 



n 

N N 



Thus / - K N N /2 Up /2 ) > 0, therefore ||up||S m a > A£. If p > (N - 2)/2 then 



KIU-(n) > Aj P+1_f) >Ci>0. 
To obtain an upper bound for ||w p ||i/x>(n), let 

7 P = max, Qi := {x G fi: t < u p (x)}, A = {x G fi: < u p (x)}. (2.7) 



Applying Lemma 12.11 and I2T3| we obtain 



r N 2 y 2(iV-2) /V 2 » jv_ 2 

( J vT^W-W < B ^ ( _ I _^_ y ) T ||A„ p || rf(n) < M 

fi 

where M is independent of p for p large. This implies 

7„ N 2 p N 2 p 
(i£) 2(AT-2) |^| < f 2(f(-2) _ (2.8) 

2 

2 

Taking " 2 = —Au p and integrating by parts 

|Vw p | ds — J Vp~ 2 dx. 



By Coarea formula we have 

~ dt'""' J |V// 
Then Schwartz inequality gives 



— | fi t | = [ tz= — r d* 



PI 



~|fi t | [v/-*dx= I \Vu p \ds I -^—ds>\dtt t 
dt J J J \Vu ' 



"pi 



fit an* dfit 

The isoperimetric inequality in M. N 

\dOt\ > c N \n 

yields 

-j t \n t \ I \f* dx > c^|fit|^ . 



N-l 
N 

j 
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We define r(t) such that \Q t \ = ^N-ir N (t)/N. Then 



dt 
Thus 



d 'Q t \ =uj N _ l r N - 1 (t)r'(t) <0. 



N f 1 

v v N ~ 2 dx > 



N-2 I "V — t/j_\ 

,,Trr<2 r (+\N-l J r [t) 



dt N f -K N _2_ 
--r < / v p N - 2 dx < — ^ (supu p )"-*|fi t 



= (sup Up;- '^J^2 
Integrating this inequality from r = to r = r , we have 

2_ 

U) N 

t(0)-t(r )<-^r 2 (su P v p )^ 

Choosing r such that t(r ) = ■y p /2 that is |^4| = |0 7p / 2 | = lon-iTq, the last inequality 
yields 



2 

2 



Tp < i^T r o(suvv p )» 



2 

But Vp ~ 2 = —Au p satisfies 



— Av p = Mp in f2, v p = on ^O. 

By elliptic regularity (0, Theorem 3.7), supt> p < Csupu^ < C^L where C = C(fl). 

n u 

Thus we have 

1 P < Ct4_tff*i* = Cjf^lA^ (2.9) 
where C = C^/(NC 2 N ). By (£1 and 0, 

Tp <C't7(2M)^ 

which implies 

- 1 iVp 
7p < Cp+i(2M) (iV-2)(p+l). 

Therefore there exists C > independent of p such that 7 P < C for p large. □ 

Next we have the corollary. 
Corollary 2.4. T/iere exist Ci,C 2 > independent of p such that 

Ci < f p i < c 2 

JV-2 — / U p a % — JV-2 
P 2 J p 2 



for large p. 



ASYMPTOTIC BEHAVIOUR OF A SEMILINEAR ELLIPTIC SYSTEM WITH A LARGE EXPONENT 
Proof. From Corollary 12 .HI and Theorem II. 1[ we have for p large 

C < p^ J u p+l dx < WupWloo^p^ J u p p dx < C'p^ 1 J u p dx, 

n an 

where C, C" > constant independent of p. This shows the left inequality. Now by 
Holder inequality, 

N — 2 / N — 2 I ,-| P N — 2 l 

p~^~ I u p p dx < {p~^~ I u p+ dx) F+Tp2( P +i) |r2|F+r. 
n n 

Using Corollary 12.31 for p large the RHS is bounded. □ 



Let 



3. Proof of Theorem 11.21 



Wp ■= — ^rr—ir = t £ , X p := { u p dx)^ , 



and 



This yields 



(/ u p p dx) N - 2 K j 



u p 



J u p dx 



-A(-Aw P Y N - 2 ^ 2 = f p w p >0 in n 



Awp = on d£l, 



Since Q is convex, we can derive standard uniform boundary estimates of {w p } 
which leads to conclude that the blow up set of {w p } is contained in the interior of 

a 

Using the methods in ^1] Proposition 3.2, we can show that 



J w p (j)i < C and b) J (—Aw p )(pi < C, 



a) 

n n 

where <f>\ is the positive eigenvalue of (—A, Hq(Q)), normalized to j <pi = 1. Combin- 

n 

ing inequality a) with the ideas of [S] based on the method of the moving planes from 
jH], we obtain a uniform bound in the boundary. Indeed, we can find 5 > such that 
for any x G Qs := {z G Q: d(z, dfl) < 5 }, we have 

w p (x) < c(n s ). 

Now we extend a known results from 

Lemma 3.1. Let u be a regular solution of 

- A{-Au)^ = f(x) %n QcR N (3.1) 
it = Au = on dSl, (3.2) 
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where f G L 1 ^), f > 0. For any e G (0, bo) we have 



Proof. We proof this by the symmetrization method. Consider the symmetrized prob- 
lem 



-A(-AU)— = F{x) in Q* 
U = AU = on dtt*. 



(3.3) 
(3.4) 



Here Q* is a ball centered at the origin with the same volume at Q, say Q* = B(0, R), 
and F is the symmetric decreasing rearrangement of /. By [IB] arid [T7] . we have 

u* < ?7 

where w* is the symmetric rearrangement of u. Clearly U satisfies 

-(r N - l U\r))' = r^Vf^s, r G (0, R) 



-{r N - l V'{r))' = r N - l F(r), r G (0, R) 
U'(0) = V'(0) = U(R) = V(R) = 0. 



Multiple integrations give, 

-U'(r) < 



1 



(N-2)—2u^ r 



Hence 



exp 



ft* 



\U(r)\ < 



(N-e)(N-2)*=iu$z\- 



U 



I F\\ N ~ 2 



< J explog(^) JV - e cir 

Br(0) 



R 



R, 



un-i I {-) N - e r N - L dr = e- L uj N _ 1 R 
r 

o 



(3.5) 
(3.6) 
(3.7) 



(3.8) 
(3.9) 

(3.10) 



Letting e(iV - 2) N ~ 2 u^_\ = 5, we have 



exp 



fa -fi- 



ll 



2 

JV-2 



\L 1 (Q*) J 



< b im 
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By the properties of the symmetric decreasing functions, ||-F||ii(n*) = H/IU^n), and 



cxp 



(b -5)- 



u(x) 



2 

JV-2 

L 1 (S1) . 

< 



d.r = / ox] ) 

Q 



(bo-sy 



u*(x) 

2 

JV-2 

L J (n) J 



dx 



exp 



(60 -5) - 



17 



I Pll 37=3 
1^ llL!(n*)J 







which proves the lemma. 

Corollary 3.2. a) Let u n be a sequence of solutions of 

-A(-Au n )^ 



□ 



u. 



V n e u n in QcR N 
Au„ = on dQ, 



such that \\V n \\ij>(n) < Ci, for some p 6 (l,oo), || V^Ulp^) < C\, and 

||Ke n i L i(n) < eo < 6 P/(P- !)■ 
T/ien {«„} uniformly bounded in L^ c (Q). 



b) Let u n be a sequence of solutions of —A(—Au n 



V-2 
I 2 



V^e Un in O C 



aJV 



Ki > and w n , — Aw n > on the boundary. Assume for some p 6 (1, 00) £/iai 

(1) <Ci, (3.11) 

(2) IKIUi(n) < C 2 (3.12) 

(3) \\V n e u "\\ L i {n] <e <b o p/(p-l) (3.13) 

T/ien {u n } is uniformly bounded in L^ C (Q). 

Proof. Part a). Fix 5 > 0, so that b — 5 > e Q (p' + 5). By Lemma I3~T1 we have 

exp[(p' + 5)\u n \] < C 

for some C independent of n. Therefore e Un is bounded in L P ' +S ({1), hence V n e Un is 
bounded in L 1+e °(f2). Then by elliptic regularity, we have u n bounded in L^ c (f2). 

The part b) follows similarly. With restriction we may assume that Q = Br(xo) 
for some xq. We consider 



N — 2 

-A(-Au ln )~ = V n e Un in Q, C 

U\ n = Aui n = on dQ, 

N — 2 

= in Q with w 2n — w n > and — AM 2ra = —Au n > 0. By 



and — A(— Aw 2n 
uniqueness 



-Au„) 2 



-Auy 



+ (-Am 



2n 
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where each term is positive. For iV = 3, we have —Au n < — 2(Awi n + Au 2n ) and for 
N > 4, — Au n < —(Auin + Au 2n ). In the last case, define H = u n — u ln — u 2n , and 
by the maximum principle H < in B R {x<y). This gives 

u n < ui n + u 2n in B R (x ), 

and similarly for N = 3, we have 

u n < 2(u ln + u 2n ) in B R (x ). 

Note that u 2n < u n and U\ n < u n in B r (xq). Now a uniform bound for u\ n is given 
by part a) and we know by mean value theorem, 

\\u 2n \\L^{B R/2 (xo)) < C\\u 2n \\L 1 {B R {x )) < C||w n ||n(n) < C, 

and the last inequality follows from the assumption (2). □ 

Let u n , w n , A n , and /„ denote u Pn , w Pn , X Pn , and f Pn . First we note that the blow 
up set S of the sequence {w n } is not empty. In fact, 

/ x C 

supw n (x) > ► +oo, 

by Theorem 11.11 and using that p n A n < C for C independent of p n large. This also 
shows that the set peaks of {u n } is contained in the set S. Since 

fn(x) = 1 ^—eL\Q), f n >0, f n (x)dx = l, 

J tf dx J 
n n 

there exists a subsequence (denoted also by {u n }) such that there exists a positive 
bounded measure \i in the set of real bounded Borel measures in Q, satisfying /i(O) < 1 
and 

J fn<f> J 4>dfi for all <f)eC (Q). 
a n 
We now define the quantity 



- lim sup pi I u p dx 

6 p^oo 



2 

JV-2 



From the proof of Theorem ll.il we obtain 1 < Lq < Nbo/(N — 2). 

For any 5 > we call a point a; G O a 5— regular point of {u n } if there exists 
ip G Cq(Q), < if < 1 with (y5 = 1 in a neighborhood of such that 



<pdfx < 



JV-2 

b ^ — 



25 



We also define for 6 > 0, 5— irregular set of a sequence {u n } such that 
E(5) = {xq & Q: Xq is not a 5— regular point }. 
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Note that xo G implies 

JV-2 

» M > (ct) ' ' 
The next results is crucial to prove Theorem 11.21 

Lemma 3.3. Assume N > 3. Let xq be a 5— regular point of a sequence {u n } then 
{w n } is bounded in L°°(B Ro (x )) for some R > 0. 

Proof. Let xq be a 5— regular point. Then there exists R > such that 

B R {x ) 

for n sufficiently large. 
Let win be solution of 

N— 2 

-A(-Awi n )~ = f n in B R (X ) 

w ln = Aw ln = on dB R (x ), 
and let win be solution of 

-A(-Aw 2n )— =0 in B R (x ) 

w 2n = w n , Aw 2n = Aw n on dB R (x ), 

By the maximum principle we have -Aw ln > and —Aw 2n > 0, W\ n > 0, and 
w 2n > in B R (x ). 
Clearly by uniqueness 

/ a s N ~ 2 / a s N ~ 2 , a , N-2 

(-Aw n ) 2 = (-AtWin) 2 + (-Aw 2 „) 2 . 

If JV > 4, — Au> n < — (Au> ln + Aw 2n ), then we can define H = w n — w ln — w 2n , and 
by the maximum principle H < in B r (xq). This gives 

< Wi n + W 2n m 5 fl (x ) 

Note that w 2n < w n and W\ n < w n in B r (xq). The solution w 2n is uniformly bounded 
near xq, in fact the the mean value theorem gives 

\\w 2 n\\L°°(B R/2 (x )) < C\\w 2n \\L l (B R (x )) < C||w n ||ii(n) < C, 

and the last inequality follows from Lemma 13. II 

So we need to bound {wi n }- We first choose t such that t' := t/(t — 1) = L + 5/2. 
Since L > 1, there exists t > 1. Then we have 

Br(x ) 

Lemma 13.11 implies 

J exp{t'\win{x)\) dx = J exp((L + 5 /2)\w\ n {x)\) dx < C, (3-14) 

Br(x ) B r (x ) 
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where C = C(S) — > oo as 5 — > 0. 

By the inequality logx < x/e for x > 0, we have 

log /n = log = Pn log -fer < Pn U N- 2 (3-15) 

\ 2 \ 2 Pn \ 2p n 

An An eA n 

Lo + 5/ 3 «n t'-5/6u n , 
< \ o = — N^T-< tw n{x). (3.16) 

An \ 2p n \ 2p n A n 

An An 

JV-2 

The second inequality follows from the definition of L and the last form lim Xn Pn = 

n-^oo 

1. 

Thus we get the pointwise estimate f n (x) < exp(t'w n (x)), which implies 

(/ n exp(-w 1 „(x)) t < Cexp(t'w ln (x)) (3.17) 

in B r / 2 (xq) because w 2n is uniformly bounded in B r / 2 (xq) and w n < W\ n + w 2n in 
Br/ 2 (x ). 

Rewrite the equation for w\ n as 



JV-2 



-A(-A Wln )V = Ag-^g e^-W in S fl (x ) 
win = A = on dB R (x ), 

Clearly u> ln , — Awi„ > in B R (xo) We now check the assumptions of Corollary 13.21 

Let K = f n e~ w ^\ 

(1) HKllLtcs^o)) < Ci, by JHH and (JUID (3.18) 

(2) \\w ln \\ L i (BR/2 ( Xo)) < C 2 byLemmaEH] (3.19) 

(3) \\V n e^\\ LHBR/2{xo)) = ||/„|Ui (Bfl/2 (, o) ) < e < Ct/(t - 1) (3.20) 

Applying Corollarv l3.2l we conclude that {wi n } is uniformly bounded in B R / 2 (xo). □ 
Lemma 3.4. S = £(<5) for any 5 > 0. 

Proof. S C S(5) is clear from Lemma 13.31 Now suppose that xq G S(5) and 
1 1 w n 1 1 l<x> (j. )) < C for some C independent of n. then /„ = A^ n_1 w^ n — > uni- 
formly on B Ro (x ), which implies x is a 5— regular point, that is x g" S(5). Thus 
contradiction shows that for every R > we have lim ||ty n ||i,a°(,B R ( x )) = oo at least 
for a subsequence. So xo G S*. □ 

This lemma implies that 

JV-2 JV-2 

1 S " (f!) £ (ct) 2 C " d(E(i)) = (ot) 2 Card(S) ' 
Combining this with the estimate Lo < Nbo/(N — 2), we have 



JV-2 



card(S) <|^^</W-2) + 2c^ 
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hence, since S is not empty 

JV-2 



1 < card(S) < [j^j < e. 

This proves the first part of Theorem 11.21 

In the following we assume card(S') = 1 with S = {xq}. Then w n (x) < C on any 
compact set K C O \ {xq}, which implies / ra - > uniformly on compacts of Q \ {xq}. 

Take tp G Cq(Q). For given e > we choose r > small such that as n — > oo, we 
have 

fnV dx - ip(x )\ < / f n \(p(x)-(p(x )\dx 



n n 
< J f n \(p(x) - cp(x )\ dx + J f n \(p(x) - (p(x )\dx <€. 

B r (x ) n\B r (x ) 

Therefore 

fn - 5 X0 (3.21) 

2 

in the sense of distributions. Let Wn~ 2 = -Aw„, then 

—Aw n = f n in Q, w n = on <9f2. 

with f n — > uniformly in compact subsets of O \ {xo}- This proves 1) of Theorem 
PI _ 

For 2), on any compact K G Q \ {xq}, we have w n is bounded and f n — > 
uniformly. By elliptic regularity there exists a subsequence of io n , still denoted by 
w n that approaches a function say G' in C 2,a (K) weakly in W 1,q (Q) for (1 < q < 2) 
and strongly in by the compact embedding ■=— > As in |12j . 

2 

G' = G(-,a;o). Since — Aw„ = mC -2 by the convergence of w n , we have that w n 
converges to G" in C 2 ' a (Q), and by uniqueness G" = G. 

To prove 3) we use a Pohozaev identity. From ^UJ for any y e R , we have 
for any Q' C K", the following identity 

J Au(x - y, Vm) + Aw(x - Vm) - (N - 2)(Vu, Vv)cte = 

/ — (x-y,Vu) + — (x-</,Vm) -(Vu,Vi;)(2:-j/,n)<fs. (3.22) 
./ay on an 

Let fi' = fi. For the system —Aw = u p and — Am = v N ~ 2 in f2, the identity ()3.22|) 
takes the form 

A a) I u p+1 dx+(N -2-b) I v^dx (3.23) 



p+ 1 

+(JV -2-0-6) y (Vm, Vv) dx = - J (Vm, Vu)(z - m, n) ds. (3.24) 
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We choose a + b = N — 2, a = and so b = N — 2. This gives for it p and v p = 

, . , JV-2 

(-Au p ) — , 

A f u P+ 1 d x = -[^lL^P(n,x-y)ds (3.25) 



p + 1 J p J dn dn 

n 90 



differentiating with respect to y, 



<9u p <% p 

— — — n as = (J. 

an On 



Taking v p — > G and u p — > G in G 2 (f2), as p — ► oo, we get 



(VG(i,i ), VG(x,x ))nds = (3.26) 



90 

On the other hand we have the following result. 
Lemma 3.5. For every Xq G Q 



J (yG(x,x ),n)iy(AG(x,x ))^ I ,n)nds = -V0(x o ). (3.27) 

90 

Hence combining (J3.26)) with (J3.27|) . we complete the proof of part 3) and the 
Theorem 11.21 is proven. 

Proof Lemma \3. 51 Let Q' = Q \ B r with r > 0. For a system —Av = and —Am = 
v N ~ 2 in the identity 13.22^ takes the form 

JV _ N f N — 2 N 

(N — 2)v N -' 2 — av N - 2 dx = / — — — v N ~ 2 (x — y,n) ds 

w aw 

/du dv — 

— \(x - y, Vf ) + av] + — \(x - y, Vtt) + bu] - CVu, Vv)(x - y, n) ds (3.28) 
on on L J 

90' 

with a + b = N — 2. We choose a = N — 2 and take v = G(x, 0) and u = G(x, 0). 
Upon differentiation with respect to y, ()3.28|) transforms into 

fdGdG , [\N-2„n 3G^ <9G ~ ] , 

^-^nds= / ^ — — G^n + — VG + — VG - (VG, VG n ds. 
J On on J Jy on on 

90 9-B r ^ ' 

Note that it = v = on dfl, implies Vw = (Vw, n)n and Vv = (Vv,n)n on dQ. Let 
T = un-i(N — 2), we have 

1 1 

VG = 5 \x\~ 2 x + Vg, VG = |x| _A x + V#, 

r~ (JV — 2) ^jv-i 

^G 1 ill \ ^G 1 . ,1_A7 ,_ \ 

JT = a— + V S> n), ^- = x 1 * + (Vg } n) 

on Tu^iN — 2) ^ k'jv-i 
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(VG,VG) 
and 



\x\ N (Vg,x) 
lu n ^T^(N-2)~ r?(N-2) 

1 



N-2^^_ N-2 

-GN-2 = 



N 



N 



\x\- 2 -^^\x\- N + (Vg,Vg) 

LOn-1 

1 



2 



\x\ 



-Ag 



xr N +g 



Using f n = 0, we get 

8B r 



I 



dGdG , N - 2 

71 //S = 

On On Nr N 1 J I P 

8U dB r 



N-2-1 



g - Ag-r - Aggr 



N-l 



nds 



+ptr / {{^~9,n)Vg+{Vg,n)V~g-{V~g,Vg)n}r N - 1 ds 

8B r 



dB r 



1 ^ 



AT-2 



Tp(N - 2) 



Vc/ ^ ds. (3.29) 



Since TV > 3, and g and g are regular, we obtain in the limit as r — > 0, 

1 



.967 967 , , 1 
————nds = hm 

an an 

an as. 



r^O r^" 1 ./ UJ N -i 



Vg ds = V <f>(0). 



□ 
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